We provide a general and consistent formulation for linear subsystem quantum dynamical maps, developed from a minimal set of postulates, primary among which is a relaxation of the usual, restrictive assumption of uncorrelated initial system-bath states. We describe the space of possibilities admitted by this formulation, namely that, far from being limited to only completely positive (CP) maps, essentially any C-linear, Hermiticitypreserving, trace-preserving subsystem map can arise as a legitimate subsystem dynamical map from a joint unitary evolution of a system coupled to a bath. The price paid for this added generality is a trade-off between the set of admissible initial states and the allowed set of joint system-bath unitary evolutions. As an application we present a simple example of a non-CP map constructed as a subsystem dynamical map that violates some fundamental inequalities in quantum information theory, such as the quantum data processing inequality.
Introduction. - The theory of open quantum systems deals with quantum subsystems that interact with an environment, or bath [1] . It has largely been built on a framework of completely positive (CP) maps [2, 3] . Complete positivity is implied by the assumption that the initial system-bath states are uncorrelated (i.e., tensor product states), but it can arise even when the initial system-bath states are classically correlated [4, 5] . Despite much recent attention and progress (e.g., [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] ), the situation for general initial conditions (e.g., for families of thermal states) is not well understood. Is completely positivity indispensable? Is there a consistent framework for the dynamics arising from general initial conditions? In this work, using a minimal set of postulates, we outline a general formulation for linear subsystem dynamical maps in the presence of initial system-bath correlations, and explore some of its implications. In particular, we prove a representation theorem for subsystem maps giving necessary and sufficient conditions for such maps to be derivable as subsystem dynamics within the formalism. We also demonstrate, through the construction of illustrative examples, that this formalism is more general than the assignment map formulation first proposed by Pechuckas and Alicki [21] [22] [23] , and that the resulting subsystem dynamical maps can violate fundamental theorems in quantum information theory that hold true for CP maps. Clearly, this has potentially significant implications, depending on the degree to which one is comfortable with accepting the approximation that is invariably made when assuming uncorrelated initial conditions. If this approximation is not made, then as we shall demonstrate, various widely accepted results in the theory of open quantum systems must be revisited.
Why CP maps?-Completely positive maps are ubiquitous in the theory of open quantum systems [1] and in quantum information theory [24, 25] because the structure of CP maps makes them conducive to the development of a mathematical theory of such systems [26] [27] [28] , and because the dynamics of many experimentally relevant open quantum systems are wellapproximated by master equations which integrate to CP maps [29] . The existence of non-CP dynamics is implicit in recent work to measure non-Markovianity of open quantum systems, which is commonly done by quantifying the failure of subsystem dynamics to be completely positive [30] [31] [32] [33] [34] . However, even in this literature, it is not uncommon to see non-CP maps described as less "physical" than CP maps [35] . We attempt to address this discrimination below, showing that non-CP maps arise within realistic conditions. A common argument (e.g., [24, 28] ) made to justify CP maps is that, independent of any assumptions on the system and bath, the reduced dynamics of the system must be CP because of possible entanglement between the system and a third "witness" system which is a closed system with zero Hamiltonian (the witness is "dead" [21] ). The claim is that, since such witnesses may exist, and since the joint system-witness evolution is taken to be Ψ ⊗ id, where Ψ is the dynamical map of the system, Ψ ⊗ id must be positive so that any entangled system-witness state is evolved correctly. Since this must hold for all possible witnesses, Ψ must be CP. After we have established some basic definitions we will argue that this notion of a physical mandate for complete positivity is poorly motivated. To complete the picture, it is necessary to consider the role of non-CP (even non-positive) maps in describing the dynamics of some types of open systems. Indeed, as we will show, essentially any C-linear, Hermiticity preserving, trace preserving map has a role to play in describing subsystem dynamics.
A formalism for subsystem dynamics.-We begin by summarizing the formalism which is developed in more detail in [20] . Fix finite dimensional Hilbert spaces H S and H B for the system and bath, respectively. The standard (Kraus [26] ) construction of subsystem dynamical maps can be described by fixing a bath state ρ B and considering the operator sub-
, where B(H) denotes the space of bounded operators acting on the Hilbert space H. The evolution of an initial state of the subsystem ρ S under the action of a unitary operator U ∈ U(H S ⊗ H B ) is then uniquely defined by
It may be seen that this Ψ U is the unique map making the diagram in Figure 1 (a) commute.
In order to move from this construction to one in which arbitrary initial system-bath correlations may be modeled, we arXiv:1503.05342v1 [quant-ph] 18 Mar 2015 wish to generalize from spaces of the form B(H S ) ⊗ ρ B to all subspaces V ⊂ B(H S ⊗ H B ) that give rise to unique subsystem maps Ψ V U : Tr B V → B(H S ). To that end, let D Q (Q ∈ {S, B, SB}) denote the convex set of all density matrices (i.e., positive, unit trace operators) of system Q and define U -consistent subspaces as follows:
and V is U -consistent for all U ∈ G, then we say that V is a Gconsistent subspace.
This definition comprises essentially a minimal set of assumptions for obtaining a unique C-linear subsystem dynam-
in other words, there is a unique Ψ V U that makes the diagram in Figure 1 (b) commute. By construction, that map Ψ V U is C-linear, Hermiticity-preserving, and trace-preserving. The assumptions of Definition 1 are weaker than those implicit in the standard linear assignment map formalism [21] [22] [23] . However, it should be stressed that, within this more general framework, there is a trade-off between the set of admissible initial states V ∩ D SB and the set of unitary operators U for which V is U -consistent. Typically, the larger the set G ⊂ U(H S ⊗ H B ), the more restrictive the conditions for Gconsistency, with the linear assignment map case representing the limit G = U(H S ⊗ H B ). The greater generality of this approach may be useful for modeling the evolution of realistic initial states like families of thermal states, as we demonstrate in the following example that manifestly falls outside the scope of the linear assignment map formalism. Example 1. Consider a one-qubit system in contact with a one-qubit bath, with the following parametrized system-bath Hamiltonian
As shown in the Supplementary Material, the Gibbs states ρ = e −βH(θ) /Z SB of this family of Hamiltonians span the space of correlated initial states
which is U -consistent when, for example, U is generated by the controlled phase operator, i.e., U = exp(−itK), where
, where E 1 = (1 + cos(t))/2 cos(t/2)1−i sin(t/2)Z), and E 2 = (1 − cos(t))/2 sin(t/2)1−i cos(t/2)Z). Thus a family of correlated, thermal initial states, along with a family of unitary transformations, can give rise to CP subsystem dynamics. Witnessed (Complete) Positivity.-We can now address the supposed physical mandate for complete positivity suggested above. It is often argued that, in order that a subsystem dynamical map Ψ V U : Tr B V → B(H S ) be considered "physical", Ψ V U ⊗ id B(HW) must be positive for all finite dimensional closed "witness" systems H W , so that if the system is initially correlated with the witness, the evolution Ψ
is not CP, there exist witnesses H W and system-witness states
Since this type of evolution is nonsense (a state evolving to a non-state) such non-CP maps are often dismissed as nonphysical.
However, note the choice of a U -consistent subspace V may be thought of as a "promise" that the resulting subsystem dynamical map Ψ V U will only be applied to evolve the reduced state of the system when the initial system-bath state lies in
. This implies other promises. First, since the initial system-bath state lies in D SB ∩ V, it follows that the initial system state lies in the "physical domain"
Second, as we show in the Supplementary Material, when other witness systems beyond the system and bath are considered, the total system-bath-witness state must in many cases lie in D SBW ∩ [V ⊗ B(H W )] if the system-witness evolution is to be described by Ψ V U ⊗ id B(HW) . As a consequence, the only system-witness states admissible are those in the "witnessed physical domain"
Since any systemwitness state ρ SW in this domain is covered by a system-bath-
] not belonging to the witnessed physical domain may be mapped by Ψ V U ⊗ id B(HW) to to non-positive operators (or to states in D SW ), but since these initial system-witness states are never realized if the promise is upheld, the action of Ψ V U ⊗ id B(HW) on them carries no physical meaning. Thus, non-CP maps should in no way be considered "non-physical" [11] .
Representations of Subsystem Maps.-We proceed to investigate the set of subsystem dynamical maps that can be re-alized within the G-consistent subspace framework. The following definition associates to a dynamical map a physical process that could have generated it. Definition 2. Fix a finite-dimensional Hilbert space H S , let R ⊂ B(H S ) be a C-linear subspace spanned by states, and let Φ : 
Next we give a necessary and sufficient condition for such physical processes to exist [38] . Theorem 1. Let R ⊂ B(H S ) be a C-linear subspace spanned by states. A map Φ : R → B(H S ) is representable as subsystem dynamics if and only if it is C-linear, Hermiticitypreserving, trace-preserving, and is such that the positive domain
One representation for such a map is given by
Proofs of this theorem and most of our subsequent results are given in the Supplementary Material. It should be stressed that any map Φ : R → B(H S ) which is subsystem representable admits infinitely many representations with potentially quite diverse properties. The following corollary gives a constructive way to find V. Corollary 1. The V described in Theorem 1 may be thought of as the image through id ⊗Φ of the symmetric sector (i.e., the +1 eigenspace) of the Ad SWAP operator on R ⊗ R, i.e.,
Let us take a closer look at the construction described in Theorem 1 by applying it to obtain a representation of the transpose map on a single qubit -a map well-known to be positive, but not completely positive. Let H S H B C 2 , U = SWAP, and
Using Corollary 1, we readily see that V is the 10-dimensional space
This example demonstrates the added generality of the Gconsistent subspace formalism to that of Pechukas-like assignment maps. Whereas this construction has produced a notcompletely-positive map on the full domain B(H S ) with physical domain equal to D S , the Pechukas theorem [21] shows that this cannot be reproduced with any standard linear assignment map A : Tr B V → V. It may be tempting to view the definition of the Uconsistent subspace V := Span C {ρ ⊗ Φ(ρ) : ρ ∈ Ω Φ } in Theorem 1 as in some way nonlinear, perhaps invoking the nonlinear map ρ → ρ ⊗ Φ(ρ), or indeed, the cloning map ρ → ρ ⊗ ρ. However, remember that the specification of V is really a "promise" that, when the subsystem dynamical map Ψ V U will be invoked, the initial system-bath state lies in D SB ∩ V. There is no assumption about how the system-bath state came to be in D SB ∩ V or, in the case of the construction described in Theorem 1, about what the map ρ → ρ ⊗ Φ(ρ) means operationally. We seek only to answer the question: if the initial system-bath state is in D SB ∩ V, how does the reduced state of the system evolve from there? That question involves only linear maps; in particular, every space and every map in Figure 1 Violations of QIT Theorems.-Much of quantum information theory has been developed under the assumption that subsystem dynamical maps are trace-preserving CP (CPTP) maps with domain the full system operator algebra B(H S ). What happens when this assumption is violated? We construct a simple example of a non-CP dynamical map Φ, representable as subsystem dynamics, that violates some cherished inequalities for CPTP maps that are fundamental to quantum information theory.
The theorems we will consider -contractivity of CPTP maps under the trace norm, Uhlmann's theorem of nonincreasing relative entropy, and the quantum data processing inequality (QDPI) -all serve to characterize the same basic phenomenon: output states of CPTP maps are less distinguishable than the input states. That these theorems are violable is implicit in the definitions of several measures of non-Markovianity [30, 31, 34] , however the violations below are based on the explicit unitary evolution of a particular subspace of the system-bath operator algebra so as to have a clear physical basis. To construct our example, therefore, we must define a dynamical map for which some output states are more distinguishable than the inputs (see also [30, 39, 40] ). To that end, let the system of interest be a single qubit and consider the C-linear, Hermiticity-preserving, trace-preserving map Φ : B(H S ) → B(H S ) given by
for some small > 0. This Φ may be thought of as a "repolarizer"; it is the inverse of the depolarizing channel ρ → ρ + (1 − )1/2. In contrast to the example of the transpose map which is positive but not CP, this Φ is not even positive. The positive domain of Φ may be seen to be the -ball
We may construct a subsystem dynamical representation (H B , U, V) as described in Theorem 1 as follows. Let H B be another qubit, U = SWAP, and V = Span C {ρ ⊗ Φ(ρ) : ρ ∈ Ω Φ }. Invoking Corollary 1 readily yields the characterization
of V as a 10-dimensional subspace of B(H S ⊗ H B ). It follows from Theorem 1 that the resulting subsystem dynamical map Ψ V U is identical to Φ, and the physical domain is identical to Ω Φ . Thus, the repolarizer map is not fiction: it corresponds to a well-defined physical process.
Alternatively, we may construct a subsystem dynamical representation for Φ using Theorem 2. In this case, write Φ −1 (the depolarizing channel) as
where
and i|U |0 = M i (the rest of U is arbitrary up to the constraint U ∈ U(H S ⊗ H B )).
Contractivity Under Norm Distance.-For any 1 ≤ p ≤ ∞, let δ p be the normalized von Neumann-Schatten p-norm distance, i.e.,
It is well known (see, e.g., [24] ) that any trace preserving CP map on a C * algebra is contractive under the 1-norm (i.e., the trace norm). In other words, if Υ is a CPTP map with domain B(H S ), and τ 1 and τ 2 are states in D S , then
. However, for the non-positive repolarizer map Φ and for any norm · on B(H S ),
for all ρ 1 , ρ 2 ∈ Ω Φ . So, the subsystem dynamical map Ψ V U is not contractive for any norm distance.
Uhlmann's Theorem.-Consider the relative entropy S(τ 1 τ 2 ) := Tr(τ 1 [log(τ 1 ) − log(τ 2 )]). Uhlmann's theorem [41, 42] states that the relative entropy is non-increasing for CPTP maps, i.e., S(τ 1 τ 2 ) ≥ S[Φ(τ 1 ) Φ(τ 2 )] for any CPTP map Φ and any states τ 1 , τ 2 . However, for the repolarizer map the joint convexity of the relative entropy [42, 43] implies that
so that S Φ(ρ 1 ) Φ(ρ 2 ) ≥ 1 S(ρ 1 ρ 2 ) for all ρ 1 , ρ 2 ∈ Ω Φ . Therefore the repolarizer map fails to be non-increasing for the relative entropy.
Quantum data processing inequality.-For any systemwitness state ρ SW , and any CPTP map Φ : B(H S ) → B(H S ), the quantum data processing inequality (QDPI) [44] states that the mutual information between S and W , I(S, W ) ρSW := S(ρ SW ρ S ⊗ ρ W ), cannot increase if Φ acts locally on the system S:
, where ρ S = Tr W ρ SW and ρ W = Tr S ρ SW . This follows trivially from Uhlmann's theorem since, if Φ :
is also CP. However, for the repolarizer map we find, for any A ∈ B(H S ⊗ H W ),
so that for any
so the repolarizer map violates the QDPI. We note that the connections between complete positivity and the QDPI have recently been studied in depth by Buscemi [19] .
Summary and Open Questions.-We have shown that, far from being limited to CP maps, essentially any C-linear, Hermiticity-preserving trace-preserving map can arise as the unique subsystem dynamical map for some bath H B , unitary propagator U ∈ U(H S ⊗ H B ), and space of (typically correlated) initial states V ⊂ B(H S ⊗ H B ). Non-CP maps such as the transpose map and even non-positive maps such as the repolarizer map [Eq. (5)], often considered "nonphysical" arise easily within the formalism we have presented. However, their application requires somewhat more care than CP maps if the sequence of "promises" suggested by V are not enforced by physics (e.g., symmetries, or limiting behavior similar to weak interactions). Likewise, concatenation of these maps must be handled with care.
The inclusion of non-CP maps in the space of possible subsystem dynamical maps represents a challenge to the standard view. We stress that this is in our view a matter of necessity if the theory of open quantum systems is to apply beyond the unrealistic assumption of classically correlated initial systembath states. Basic, fundamental results may need to be reformulated and reproved if the extension is to be achieved. An important part of this work will be to understand under what circumstances, if any, the different behavior of these non-CP maps may be exploited for quantum gains.
This research was supported by the ARO MURI grant W911NF-11-1-0268. The authors thank Iman Marvian for many helpful discussions. V U ⊗ AdW (rather than some joint system-witness evolution that doesn't factor as a tensor product of maps) and the restrictions that this places on the admissible system-bath-witness states should not be taken lightly. The fact that complete positivity implicitly imposes these restrictions should raise considerable doubt as to the physical significance of this property.
[37] Note that this formulation includes no consideration as to how or why the initial state came to be in DSB ∩ V; it only models how the subsystem state changes from this point forward. If one wishes to also model state preparation or other prior evolution, the map(s) representing those prior steps should be precomposed with Ψ V U (and will also strongly influence the choice of V) [22] .
[38] This theorem may be thought of as essentially a unitary dilation theorem [45] , in some ways similar to those of Stinespring [2] and Sz.-Nagy [46] . Those theorems described dilations of (unital or trace-preserving) CP maps on C * -algebras and of contractions on Hilbert spaces, showing that they can be represented in terms of unitary evolutions on larger spaces. Theorem 1 pro-
Supplementary Material
Calculations in support of Example 1 (joint initial Gibbs state)
Consider a one-qubit system in contact with a one-qubit bath, with the following parametrized system-bath Hamiltonian
This gives rise to the thermal states
Proof. To compute these states, note first that
It follows that H 2k has the form
where a k and b k satisfy the recurrence relation
which is readily solved to obtain
It is then found that the even and odd powers of the Hamiltonian are given by
whence
where λ and γ are given in Eq. (17) .
Since the coefficient functions are linearly independent, we find, then, that
so that the subsystem dynamical map
, and where σ and τ are Pauli operators, so that K can be thought of as a generalized controlled-Pauli operator. Suppose further that {τ, X} = 0.
so that Tr B [Ad U (Γ ⊗ X)] = 0 for all Γ = 1, X, Z. So V is U -consistent with respect to these U operators. Then
so that
for all A ∈ Span C (1, X, Z).
Maximal G-consistent subspaces
Here we show that the witness consistent subspace V ⊗ B(H W ) are not simply a convenient choice, but in many cases these subspaces are the only choice for initial system-bathwitness states if the system-witness evolution is to be described by Ψ V U ⊗ id. Once a subsystem dynamical map has been defined it is natural to extend its domain to be as large as possible. Formally:
Clearly, every G-consistent subspace V may be extended to a maximal subspace, and a maximal G-consistent subspace V is such that Tr B V = B(H S ), i.e., all system states. Moreover, for a maximal G-consistent subspace V, D SB ∩ V is the set of all system-bath states ρ SB which transform as Ψ V U (Tr B ρ SB ) = Tr B (Ad U ρ SB ) ∀U ∈ G. In other words, the maps {Ψ V U : U ∈ G} define the subspace V.
To help us to further understand the structure of maximal subspaces consider the G-consistent subspace of ker Tr B : As the following Lemma demonstrates, the promise that V G 0 ⊂ V considerably simplifies the theory:
and where {W i } ⊂ B(H W ) are linearly independent. Then the condition on ρ SBW is that
By the linear independence of the {W i }, this implies that
Fortunately, in many cases, a maximal G-consistent subspace V will indeed containV G 0 , e.g., when V contains an interior state (i.e., a state with strictly positive eigenvalues), or when G = U(H S ⊗ H B ). In these cases V = V.
Using these tools, let us now provide an example which demonstrates-by exploiting an initial correlation between the bath and the witness-that even though the system-bath and witness subsystems evolve independently, the joint evolution of the system-witness is not necessarily given by Ψ V U ⊗id. = {0} ⊂ V. Let H W be a witness and consider a system-bathwitness state ρ SBW = ρ S ⊗ ρ BW where ρ BW ⊂ D BW is a correlated state (thus ρ SBW ∈ V ⊗ B(H W )) and Tr W ρ BW = ρ B , the same bath state ρ B that defines V. Now, let U ∈ U(H S ⊗ H B ) be the SWAP operator, i.e., U |ψ ⊗ |φ = |φ ⊗ |ψ for all |ψ , |φ ∈ H S H B , so that Ψ
so that the evolution on the system alone is given by Ψ V U (Tr BW ρ SBW ). If we evolve this state ρ SBW by U ⊗ 1 the states of the system and bath are swapped; if we then trace over the bath we obtain an evolved system-witness state Tr B [Ad U ⊗1 (ρ SBW )] = ρ BW . However, if we trace over the bath first and then apply Ψ
. So, even though the systembath and witness subsystems evolve independently -each as closed systems via Ad U on the system-bath and id on the witness -the joint evolution of the system-witness is not necessarily given by Ψ V U ⊗ id. Proof. Let Q = Span C {ρ ⊗ ρ : ρ ∈ Ω Φ } and let W ⊂ B(H S ⊗ H B ) be the symmetric sector (i.e. the +1 eigenspace of the Ad SWAP operator on R ⊗ R ⊂ B(H S ⊗ H B ) B(H S ) ⊗ B(H S ). Since W ∈ W belongs to R ⊗ R, if {A i } is any basis for R, then W can be expanded as W = i,j a ij A i ⊗ A j . Since W ∈ W, Ad SWAP (W ) = W , so that W = i a ii A i ⊗ A i + 1 2 i<j (a ij + a ji )(A i ⊗ A j + A j ⊗ A i ). It then becomes clear that W = Span C {A i ⊗ A j + A j ⊗ A i : i ≤ j}. Since any ρ ⊗ ρ belongs to W, it follows that Q ⊂ W. Moreover, since Ω Φ spans R by assumption, there exists {ρ j } ⊂ Ω Φ and coefficients {a ij } ⊂ C such that A i = j a ij ρ j . It may also be noted that, since Ω Φ is a convex set, if ρ, σ ∈ Ω Φ , then (ρ + σ)/2 ∈ Ω Φ , so that Q contains ρ ⊗ ρ, σ ⊗ σ, and (ρ+σ)/2⊗(ρ+σ)/2 = (ρ⊗ρ+σ ⊗σ +ρ⊗σ +σ ⊗ρ)/4, and therefore Q contains ρ ⊗ σ + σ ⊗ ρ for all ρ, σ ∈ Ω Φ . Then A i ⊗ A j + A j ⊗ A i = km a ik a jm (ρ k ⊗ ρ m + ρ m ⊗ ρ k ) ∈ Q for any i, j, so that W ⊂ Q, and therefore W = Q and it is easy to see that V = id ⊗Φ(Q) = id ⊗Φ(W). 
